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Abstract 

The goal of this work is to extend Dirac-type tensor equations to a 
curved space. We take four 1-forms (a tetrad) as a unique structure, 
which determines a geometry of space-time. 
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In [Q we suggest to take the differential forms H, I, K (see item 14 of 
sect. 1 in 0]) as an additional structure on pseudo-Riemannian space. In 
the current paper, developing this idea, we take four 1-forms e“ (a tetrad) 
as a unique structure, which determines a geometry of space-time. A metric 
tensor is expressed via the tetrad. Hence we arrive at a geometry, which was 
considered by many authors (see, for example, Mpller 0) as a mathematical 
model of physical space-time and gravity (according to the Theory of General 
Relativity the gravity is identified with the metric tensor). 

The goal of our work, begining at [|ll,[@], is to extend Dirac-type tensor 
equations (see @]) to a curved space. 
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1 A pseudo-Riemannian space 


Let be a four dimensional differentiable manyfolds with local coordinates 
= 0,1,2,3 and with a metric tensor such that ^rgo > 0, 

g = det|| 5 r^i,|| < 0 and the signature of matrix \\g^v\\ is equal to —2. The full 
set of {M.,g^j.u} is called a pseudo-Riemannian space and is denoted by V. 
The metric tensor dehnes the Levi-Civita connection, the curvature tensor, 
the Ricci tensor, and the scalar curvature 
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Let T^ be the set of all tensor fields of rank {q,p) on V. The covariant 
derivatives ; T^ —T^+i are dehned via the Levi-Civita connection by 
the following rules: 

1. If f = t{x), X G V is a scalar function, then 


Vp = dp. 


2. If G T^, then 

3. If ti, G T 1 , then 


= c = + Ta/i". 


^ ptu dpy ^up tx- 

4.lfu = ulpx e Tf, u = vPp:P: G T:, then 

Vp{u ®v) = i'Vpu) ® u + u 0 WpV. 
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With the aid of these rules it is easy to calculate covariant derivatives of 
arbitrary rank tensor helds. Also we can check the formulas 

y^,9a0 = 0 , = 0 , = 0 , 

= 0 , 

- V,.V^)ap = R^p^„ax, 


for any Op G Ti. 

2 A parallelisable manyfolds 

An n-dimensional differentiable manifolds is called parallelisable if there ex¬ 
ist n linear independent vector or covector helds on it. Let Af be a four 
dimensional parallelisable manifolds with local coordinates x = {x^) and 

ep“ = ep“(x), a = 0,1, 2, 3 

be four covector helds on M.. This set of four covectors are called a tetrad. 
The full set {Af,ep“} is denoted by W. Here and in what follows we use 
greek indices as tensorial indices and latin indices as nontensorial (tetrad) 
indices, which enumerate covectors. 

Let us take the Minkowski matrix 

Vab = = diag(l, -1, -1, -1). 

Then we can dehne a metric tensor 

dtMU Vab^ ( 5 ) 


such that 

9,iy = 9v^l^ 9m >0, 9 = det||^p^|| < 0 

and the signature of the matrix \\9p,u\\ is equal to —2. The Levi-Civita con¬ 
nection Tpi,^, the curvature tensor R^^xp, the Ricci tensor Ryp, the scalar 
curvature R, and the covariant derivatives Vp are dehned via as in sect. 
1. All constructions of [|l| (the Clihord product of diherential forms, the 
Spin(l,3) group, Upsilon derivatives Tp, etc.) are valid in the parallelisable 
manyfolds W. 
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We raise and lower latin indices with the aid of the matrix rjab = and 
greek indices with the aid of the metric tensor 

gva ^ = Vabef!’■ 

If we take 1-forms e“, G Ai 

e“ = = Vabe\ 

then we see that 

e“e'’ + e'’e“ = (6) 

Indeed, 

e“e^ -k e^e“ = e^^'dx^ej’dx'^ + ej‘dx^e^°'dx^ = 

= e^‘^ey\dxf^dx'' + = 277“^ 

The transformation 

e“ ^ e“ = S-^e'^S, (7) 

where S' G Spin(l,3), is called a Lorentz rotation of the tetrad. Evidently, 
formula (P) is invariant under Lorentz rotations of the tetrad, i.e., 

e“e^ -t- e'’e“ = ^ e“e^ + e^e“ = 2r7“^ 


In the sequel we use the following lemma. 
Lemma . 


4f/ 

for U G AoTP, 

-2U 

for U G AiTP, 

0 

for U G A 2 TP, 

2U 

for U G A 3 TP, 

-AU 

for U G A 4 TP. 


The proof in by direct calculation. 
Let us take a tensor G A 2 T 1 

1 


Bf, = --e“ A 


( 8 ) 


Theorem . 

forms as 


Under the Lorentz rotation of tetrad 0 the tensor trans- 


= S-^B^S - S-^T^S. 
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Proof. We have A = —|e“T^ea. Therefore 

-44 = e“T^e, = = S-^e^SiT ^S-^)e,S+S-^e-T ^6^8+ 

S-^e-eaT^S = -AS-^B^S + AS-^T + S-^e^SiT ^S-^)eaS. 

Here we use the formula e“ea = 4 from the Lemma. It can be checked 
that ST G A 2 T 1 . Consequently from the Lemma we get that 

e^S{T^S-^)ea = 0. 

These completes the proof 

Note that the set of 2-forms A 2 can be considered as the real Lie algebra of 
the Lie group Spin(l, 3). Hence belong to this Lie algebra. B^ is a tensor 
with respect to changes of coordinates. But, according to the Theorem, under 
Lorentz rotations of the tetrad B^ transforms as a connection. 

Now we may dehne operators — [H^, ■] acting on tensors from 

AT^ and such that 

P^e“ = 0, V^ea = 0, V^{UV) = {V^U)V + UV^V, V^V,-V,V^ = 0. 

Consider the tensor from A 2 T 2 

~ — D^B^ + [H^, BJ\. 

It can be shown that 

C^ 1 / djX A dx . 

In []^ (see item 14) of sect.l) we dehne differential forms H G Ai; I,K ^ A 2 ; 

£ G A 4 , which we call secondary generators of A. These differential forms are 
connected with the tetrad e“ by the following formulas: 

H = e\ I=-e^e^, K =-e^e\ £ = e°e^eV, 

gO = H, e^ = IK£H, e^ = KiH, e^ = -liH. 

The formula for B^ from 

B, = —HT^H + fllJ+KT^K) 

+\h(I-C„I + Kr^K)H - tlKHT^HKI - La'/T^/A’ + IKT^KI) 

o 00 

is equivalent to formula (j|). 
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3 Lagrangians and main equations 


Consider the invariant 

C2 = R + 4r£i{5B), 

where R is the scalar curvature, B = clx'^B^, and the codifferential 6 : 
Afc —>• Afc_i was defined in 0. It can be checked that the invariant £2 
doesn’t depend on second derivatives of tetrad components e^“. Variating 
the Lagrangian £2 with respect to the components of metric tensor we 
get the Einstein tensor 




d, 


d{y/^C2) 


dg, 




where = dpg^y, e = 1 for p = z/ and e = 2 for p 7 ^ z/. Note that we can 
easily calculate the partial derivatives using formulas 

^ ogap ’ OSa/S.p ^ 


gap 

9gap 

ae„“ 


Co 60 gab 
dgap,p 


f)p a 

Be "" 


^a^Po- ff ^p6aai 


dgap dpoiP p 5a6pa ^p6aa 

where p = 0,1, 2, 3. Finally, we can take the Lagrangian 


£ 


where 


£0 + £1 + £2 (9) 

2Tr(e°(^*P + P*^)) + ^Tr(F^^Fn + {R + 4Tr(5S)), 


P = dx^{Vp^ + ^Ap + BpA!)N - m'LE, 

FpU = RpA^y — T>uAp — [Ap, Ay\. 

and the Lagrangians £o,£i were defined in sect .6 of [Q. Variating the La¬ 
grangian £ with respect to components of and w.r.t. components of 

metric tensor, we arrive at the system of equations 

dx^iVp^ + ^Ap + Bp^)N - mA!E = 0 , 

-^vpp^F‘“) - [A„ Fy = r, (10) 

- -Rg‘“' = 

2 
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where are defined in (27) of [Q] and is the energy-momentnni tensor 

/- rpliv _ d{y/^{CQ + Cl)) ^ 5(^/^(£o + -^i)) 

ev 9 J- — 7^ Op - . 

Let us remark that we may insert two constants into Lagrangian C = Cq + 
CiCi + C 2 C 2 in d^) and into equations (p!0D respectively. Constants Ci,C 2 
depend on physical units and on experimental data. 

4 Comparing the Dirac equation with the 
Dirac-type tensor equation 

It is well known that the Dirac equation for the electron has the following 
form in a curved space (see, for example, 0 ): 

= 0 , ( 11 ) 

where 7 “ are complex valued 4 x 4-matrices with the property 7 ^ 7 ^ -|- 7 ^ 7 “ = 
27 “^ 1 , 1 is identity matrix, and ujpab = bOp[ab] is a Lorentz connection. Now 
we show that the Dirac type tensor equation 

dx^iVp^ + ttp^I + Bp^) + m^)HI = 0 ( 12 ) 

can be written in the same form ([TT|) . A method of reduction of 
was developed in IQ] for the case of Minkowski space. 

Let us take the idempotent differential form t = E 

( = i(l + H)(l-i/) 

and the left ideal 

I{t) = {Ut : U E A^} C A^. 

The exterior forms ti,... ,t 4 ^1{t) 

ti = t, t2 = Kt, ^3 = —lit, ^4 = —Klit 

are linear independent and they can be considered as basis elements of T{t). 
These differential forms tk define a map 7 : AT^ —>■ M(4,C)T^ by the 
formula 
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where M(4,C)T^ is the set of all rank {p,q) tensors with values in 4 x 4 
complex matrices and j{U)^ is elements of the matrix 7 (t/) (an upper index 
enumerates rows and a lower index enumerates columns). It is easily shown 
that 

liUV) = ^(UhiV) 

for U G AT^, V G AT®. If we take dx^ = G AiT^, then we get 

dx^tk = 'y{dx^)^tn- 


Denoting 7 ^ = j{dx^), we see that the equality dx^dx'" + dx'^dx^ = 2g^'^ 
leads to the equality 7 ^ 7 *^ + = 2g^'^l. Also we have 

B^tp = -{{Bpfptk. 

Let us multiply (|T^) by t. Then 


0 = {dx^iVp^^ + ap^I + +m^HI)t 
= dx^{Vp{^t) + + im(Tf) 

= dx^^{Vp{'ip^tk) + iap{'ijjHk) + Bp^'ijjHp)) + 

= {dx>^tk){dp^jj^ + + 'y{Bp)pijP) + 

= + j{Bp)lipP) + 

As ti,..., ^4 are linear independent, we see that 

{YTkidp'iP^ + + l{Bp)lr) + imr = 0, n = 1 ,..., 4. 

These four equations can be written as one equation 


7^(9^ + + y(5^))?/) + = 0, (13) 

where 'ip = ... "0^)^. We may write Bp G A 2 T 1 as 

Bp = hpate^^ A e' = - e'e“), 

where bpat = bpiab] ■ This imply that 

7(B,) = lt„„47“.7‘], 7“ = 7(e“), tV + 77“ = 2V‘l. 

Note that 7 ^ = 7 ‘^e^c and the eq. ([I3| ) can be written in the form 

Ye^cidp + ittp + fo^ab^[7“,7l)0 + = 0. (14) 

Consequently eqs. (pT|) and (p!4|) are coinside iff a Lorentz connection is 
dehned by the formula uOpab = —bpab- 
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